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About 45 years ago, Bekenstein [1] proposed that black holes should have entropy proportional to
their areas in order to make black-hole physics compatible with the second law of thermodynamics.
Hawking [2, 3] strengthened this argument by showing that black holes emit thermal radiation,
as succinctly encapsulated in the phrase ‘a “black hole” is not completely black’ [4]. However, the
heuristic picture of the microscopic process for this Hawking radiation—creation of pairs of positive-
and negative-energy particles—leads to an inconsistency among the first law of black hole mechanics,
Bekenstein’s argument, and unitary quantum mechanics. Parikh and Wilczek [5] partially improved
the consistency by treating Hawking radiation as tunnelling of particles in a dynamical geometry,
but at the expense of the pure thermality of the radiation in Hawking’s original proposal. Here we
arrive at an equation alternative to Bekenstein’s, using arguments from the viewpoint of quantum
information, rather than thermodynamics. Our alternative argues that the area of a black hole is
proportional to the coherent information [6]—which is ‘minus’ the conditional entropy [7], defined
only in the quantum regime—from the outside of the black hole to positive-energy particles inside
the black hole. Our equation hints that negative-energy particles inside a black hole behave as
if they have ‘negative’ entropy, and provides complete consistency without changing Hawking’s
original proposal. These ideas suggest that black holes store purely quantum information, rather
than classical information.
Quantum mechanics has been hailed as one of the
most accurate theories in physics to date. It has been
immensely popular despite the various counterintuitive
phenomena related with non-locality that it predicts and
accurately describes. In the last few decades, quantum
mechanics has also been reformulated by combining it
with information theory, resulting in what is called quan-
tum information theory. Following conventional quan-
tum mechanics, this modern formalism too is based sim-
ply on the combination of a wave function |ψ〉A (or a pure
state) describing a state of a physical system A, and a
unitary operator UˆA describing its evolution [8]. For in-
stance, a scenario of particular importance to our argu-
ments in this paper arises when one adopts a convex com-
bination of wave functions |ψi〉A, i.e., a density operator
ρˆA =
∑
i pi|ψi〉〈ψi|A, as the description of a state because
of lack of sufficient information on the system. Even in
this scenario, the concept of ‘purification’ in quantum in-
formation theory enables us to find a reference system R
such that the state of the combined system AR is still
described by a single wave function (pure state) |Ψ〉AR.
The pure state |Ψ〉AR =
∑
i
√
pi|ψi〉A|i〉R with orthogo-
nal states |i〉R such that TrR[|Ψ〉〈Ψ|AR] = ρˆA suffices as
a one possible purification of the system A.
The unitary description of evolutions in quantum me-
chanics is associated with the conservation law for in-
formation, and remains unchanged even in the modern
quantum information theory. Therefore, in order to build
up a ‘unified’ theory consistent with quantum mechan-
ics, it is necessary for the candidate theory to allow for a
description based on pure states and unitary evolution,
at the very least. Towards this goal, by focusing on black
holes (BHs) as an example that was widely believed to
be intractable within the conventional understanding of
quantum mechanics, we reformulate an aspect of black-
hole physics using its modern version, quantum informa-
tion theory. In the end, we will see that purely qunantum
information theoretic arguments lead us to an equation
alternative to the famous Bekenstein equation relating
the area and entropy of a black hole.
The first and second laws for black holes and the
Bekenstein equation
We start by recalling the basic facts of black hole me-
chanics (or BH thermodynamics). In the framework of
general relativity (GR), black holes satisfy four mathe-
matical laws analogous to the laws of thermodynamics
[9]. In particular, the first law of BH mechanics is asso-
ciated with the energy conservation law: for a stationary
black hole B, we have
dEB =
κB
8pi
dAB +ΩBdJB + φBdQB, (1)
where EB is the total energy (a function of the mass
MB), AB is the area of the event horizon, κB is the sur-
2face gravity, JB is the angular momentum, ΩB is the
angular velocity, QB is the charge, and φB is the electro-
static potential of the black hole. The horizon area AB,
which is one among the only (according to the no-hair
conjecture) three variables for the black hole B in the
first law, satisfies
dAB ≥ 0 (2)
for any ‘classical’ process except for Hawking radiation.
This is called the area theorem in classical GR, and gives
rise to the second law of black hole mechanics. Motivated
by the non-decreasing nature of the area, Bekenstein [1]
reasoned that AB should be proportional to the entropy
S(B) of the black hole in the form (in geometrised units)
S(B) =
AB
4
, (3)
in order to make black hole physics compatible with
the second law of thermodynamics. Here, for general-
ity, S(B) can be regarded as the von Neumann entropy
defined by S(B) := −Tr[ρˆB ln ρˆB] for the (quantum)
state ρˆB of system B. Historically, the proportionality
constant in Eq. (3) was determined not by Bekenstein
but by Hawking (through the consideration of Hawking
radiation, discussed below), and thus, Eq. (3) is some-
times also called the Bekenstein-Hawking equation. The
Bekenstein equation (3) is genuinely creative in the sense
that it relates qualitatively completely different quanti-
ties: a geometric quantity on the one hand—the area AB
of a black hole B—and an information theoretic quan-
tity on the other—the entropy S(B) of the black hole
B. However, in what follows, we re-examine in detail
whether the entropy S(B) is really the proper informa-
tion theoretic quantity to be associated with the areaAB,
in the light of quantum information theory.
The area theorem and the generalized second law
It is instructive to begin by interpreting the Beken-
stein equation (3) with a quantum information theoretic
approach. In this approach, the area theorem (2) for
any ‘classical’ process can be explained with the Beken-
stein equation (3). For instance, when a particle C with
entropy S(C) falls into the black hole, it increases the
entropy of the black hole (dS(B) ≥ 0), leading to a cor-
responding increase in area (dAB ≥ 0) given by equation
(3). In general, the entropy S(B) of the black hole B
and the entropy S(B¯) of matter B¯ outside the black hole
together satisfy the generalized second law [4, 10],
dS(B) + dS(B¯) ≥ 0. (4)
This can be regarded as a consequence of the follow-
ing equation, which holds for any unitary dynamics
UˆBB¯→B
′B¯′ that converts the initial system BB¯ into a
combined system of the black hole B′ and its outside B¯′:
S(B′)− S(B) + S(B¯′)− S(B¯)
= S(B′B¯′) + I(B′ : B¯′)− S(BB¯)− I(B : B¯)
= I(B′ : B¯′)− I(B : B¯), (5)
where I is the mutual information defined by I(B : B¯) :=
S(B) + S(B¯) − S(BB¯). Hence, for any unitary pro-
cess which increases the mutual information between the
black hole and its outside (that is, I(B′ : B¯′)−I(B : B¯) ≥
0), Eq. (4) holds. Notice that this equation, related to
the subadditivity of the entropy, is also an underlying ba-
sis of quantum thermodynamics [11, 12]. We note that
the generalized second law has also been proven even in a
semi-classical regime, taking into account quantum field
theory [13].
The increase of area during a black-hole merger—
which is also expected from the area theorem (2)—can
be understood in this picture in the following manner.
Suppose that two black holes B1 and B2 merge to-
gether to form a new black hole B through an isometry
UˆB1B2→BG—where note that the isometry is merely the
application of a unitary operator to system B1B2R with
R in a pure state, according to the standard formalism
of quantum information theory. Assume that B1 and
B2 are initially decoupled, as expressed by the statement
I(B1 : B2) = 0. Here G is a system emitted to our uni-
verse as a back reaction of the merging (e.g. gravitational
waves). Then, information theory says that
S(B) =S(BG)− S(G|B)
=S(B1B2)− S(G|B)
=S(B1) + S(B2)− S(G|B), (6)
where S(G|B) := S(BG) − S(B). Therefore, if the sys-
tem G is in either a pure state or an entangled state so
as to have negative conditional entropy (S(G|B) ≤ 0),
the net black hole area increases, in accordance with
the Bekenstein equation (3). In particular, we have
AB ≥ AB1 + AB2 . Since gravitational waves can tell
us of the existence of black hole mergers [14], it may not
be unnatural for the emitted system G to be highly en-
tangled with the black hole B. Therefore, so far, the
Bekenstein equation (3) has shown no explicit inconsis-
tency with any of the phenomena considered, even from
a quantum information theoretic viewpoint.
Hawking radiation
Hawking radiation was first derived in a semi-classical
picture for massless scalar fields around a Schwarzschild
black hole, as a notable exception to the area theorem
(2) derived using only classical GR. The heuristic pic-
ture of the microscopic process for Hawking radiation is
3usually described as follows [2, 3, 15, 16]. Let us focus on
a Schwarzschild black hole B with ΩB = 0 and φB = 0.
We follow the usual method which starts with the max-
imally extended Kruskal coordinates and defines normal
modes with respect to the timelike Killing vector on the
past horizon [15]. A vacuum state (the Hawking-Hartle
vacuum) is then obtained by defining it to be annihilated
by the annihilation operator associated with these nor-
mal modes.
The first step of the heuristic microscopic process for
Hawking radiation is the creation of a virtual entangled
state |χ〉H+H− between positive-energy particles H+ and
negative-energy particlesH− from the vacuum |vac〉 near
the event horizon through a unitary process, defined by
|χ〉H+H− := exp[rω(aˆ†k bˆ†−k − aˆk bˆ−k)]|vac〉
=
1
cosh rω
∞∑
n=0
tanhn rω|n〉H+ |n〉H− , (7)
where aˆk and bˆ−k are annihilation operators associated
with the positive-energy particles H+ and the negative-
energy particles H− respectively, and the parameter rω
is related to the mode frequency ω via exp(−piω/κB) =
tanh rω. Here κB = 1/(4MB) is the surface gravity of
a black hole of mass MB, and the mode frequency will
follow some dispersion relation ω = ω(±k). In partic-
ular, in the pair creation, the negative-energy particles
H− appear in a mode falling into the black hole (i.e. on
a timeline crossing the event horizon), while the positive-
energy particles H+ appear in a mode propagating from
the vicinity of the event horizon to a distant observer
outside the black hole. This is the picture as seen by a
distant stationary observer outside the black hole B, who
may regard the unusual ‘virtual’ negative-energy parti-
cles H− “falling into” the black hole B as ‘real’ particles.
This is enabled by the fact that the time translational
Killing vector field becomes spacelike inside the horizon.
The reduced state of the positive-energy particles H+ is
the Gibbs state with β−1H := κB/(2pi),
χˆH+ := TrH− [|χ〉〈χ|H+H− ]
=
1
cosh2 rω
∞∑
n=0
tanh2n rω |n〉〈n|H+ = e
−βHωnˆH+
ZβH
, (8)
satisfying
− ln χˆH+ = βHωnˆH+ + lnZβH 1ˆH+ (9)
for the number operator nˆH+ := aˆ
†
kaˆk and the partition
function ZβH := (1 − e−
2piω
κB )−1 = (1 − e−βHω)−1. Thus,
we have
S(H+) = βHωnH+ + lnZβH , (10)
where
nH+ = Tr[nˆH+ χˆH+ ] =
1
eβHω − 1 . (11)
Hence, the positive-energy particles satisfy that, for given
ω,
1
ω
∂S(H+)
∂nH+
=
1
ω
(
βHω + ωnH+
∂βH
∂nH+
+
1
ZβH
∂ZβH
∂βH
∂βH
∂nH+
)
= βH . (12)
Therefore, the emission of positive-energy particles from
the event horizon can be regarded as pure thermal radi-
ation at the temperature β−1H , called the Hawking tem-
perature.
Suppose that the Hawking radiation always occurs, de-
creasing the energyEB, or the massMB, of the black hole
B and thus increasing the Hawking temperature β−1H .
But, as long as the mass of the black hole is large com-
pared to the Planck mass, it is reasonable [2] to assume
that this process is adiabatic, that is, it always keeps
the black hole B in stationary states. Hence, the Hawk-
ing process can be regard as inducing a small change of
the black hole B from one stationary state to another,
accompanied with a small energy change ωdnH+ ≥ 0 of
the radiationH+ to the outside B¯ (from Eq. (11)). Then,
since this leads to the energy change EB¯ of the outside
B¯, the corresponding energy change dEB for the black
hole B looks like
dEB = −ωdnH+ , (13)
because the total energy EB + EB¯ is conserved (that is,
0 = dEB +dEB¯). This negative energy flow to the black
hole has also been reaffirmed through one loop calcula-
tions in quantum field theory near the black hole hori-
zon [17]. From the first law (1) of black hole mechanics
(without using the Bekenstein equation (3)), this leads
to a change in the area of the black hole, given by
dAB = 4βHdEB = −4βHωdnH+ . (14)
On the other hand, if we combine the heuristic picture
of the microscopic process for Hawking radiation with
the Bekenstein equation (3), we run into an inconsistency
[5, 21]. In fact, the negative-energy particles appearing
inside the black hole B have entropy S(H−), which sat-
isfies
S(H−) = S(H+) (15)
because |χ〉H+H− is a pure state. Again, if there is a small
energy change ωdnH+ of the radiation H
+ to the outside
B¯, the corresponding entropy change for the particlesH+
is
dS(H+) = βHωdnH+ (16)
from Eq. (12). Combined with Eq. (15), this implies that
dS(H−) = βHωdnH+ . (17)
4Since these negative-energy particles H− always appear
inside the black hole B, this entropy change of the parti-
cles H− leads to the entropy change dS(B) of the black
hole B, that is,
dS(B) = dS(H−). (18)
However, combined with the Bekenstein equation (3) and
Eq. (17), this leads to
dAB = 4dS(B) = 4βHωdnH+ , (19)
which is incompatible with Eq. (14).
Notice that when a normal particle C, like the ones
considered in Refs. [1, 9], falls into a black hole B, the
black hole undergoes a change with dEBdAB ≥ 0 and
dEBdS(B) ≥ 0. In contrast, if the number of negative-
energy particles H− of the Hawking pair H+H− in-
creases inside the black hole B in accordance with the de-
crease of its energyEB, the black hole undergoes a change
with dEBdAB ≥ 0 from Eqs. (13) and (14) but with
dEBdS(B) ≤ 0 from Eqs. (13), (17) and (18). Hence the
particles H− of the Hawking pairs should be differenti-
ated from such normal particles. For example, indeed,
this has explicitly been done by ’t Hooft [18, 19], who
argues that a quantum unitary description of the black-
hole physics requires us to regard the negative-energy
particles H− to emerge as ordinary particles in the sec-
ond asymptotically flat region (region II in [18, 19]) of
the maximally extended Schwarzschild spacetime, rather
than in the region usually identified as the black hole’s
interior (region III), in order for a distant observer to see
normal Hawking particles emerge from the vicinity of the
black hole.
Also note that the puzzle between Eqs. (14) and (19)
does not occur [20] if we associate Hawking radiation
with a tunnelling process [5, 21] from the inside of the
black hole B to the outside, instead of Hawking’s origi-
nal pair-creation picture. This is because this tunnelling
could bring not only energy but also entropy from the
inside B of the black hole to the outside B¯, leading to
dEBdS(B) ≥ 0. However, this framework of tunnelling
does not explain [5] why the tunnelling particles are in
thermal states at the Hawking temperature β−1H , in con-
trast to Hawking’s picture.
Alternative to the Bekenstein equation
To avoid the inconsistency noted above (that is, the
inconsistency of Eq. (19) with Eq. (14)), here we intro-
duce an equation alternative to the Bekenstein equation
(3). In particular, we propose that the simple entropy of
the Bekenstein equation (3) should be replaced with the
coherent information [6, 7] from all the related physical
systems B¯ outside the black hole B to positive-energy
(i.e. the usual ordinary) particles B+ inside the black
hole B:
AB
4
= I(B¯〉B+) := −S(B¯|B+). (20)
Here we assumed that (i) the black hole B is composed
of normal positive-energy particles B+, and negative-
energy particles B− generated by the Hawking process
(like the Hawking particles H− above), i.e. B = B+B−,
and (ii) the whole system BB¯ = B+B−B¯ is in a pure
state. The assumption (i) should hold for a stationary
observer outside the black hole who infers the existence
of the negative-energy particles H− inside it indirectly
through the observation of Hawking radiation. On the
other hand, the assumption (ii) states that the purifica-
tion of the state of the black hole exists outside its event
horizon, according to quantum information theory. The
coherent information in our expression for the area can
be rewritten as
I(B¯〉B+) =− S(B¯|B+) = S(B+)− S(B¯B+)
=S(B+)− S(B−). (21)
This implies another expression for Eq. (20),
AB
4
= S(B+)− S(B−). (22)
This expression is quite suggestive: the ‘unusual’
negative-energy particles inside black holes—which have
a merely virtual existence outside black holes—behave as
if they have ‘negative’ entropy. Besides, Eq. (22) shows
that the area AB is determined only by the state of the
black hole B = B+B−. This is a quite important prop-
erty as the definition for the area AB. Moreover, as
long as the contribution of the Hawking radiation is very
small compared to the original mass of the black hole
(S(B+) ≫ S(B−)), our formula reproduces the Beken-
stein equation (3) because it is reduced into the form
AB/4 ≈ S(B+).
In quantum information theory, the coherent informa-
tion is associated with entanglement, and thus, the ex-
pression (20) implies that the area of the black hole rep-
resents how much entanglement is ‘stored’ in the black
hole. This suggests that the black hole works as a good
quantum memory, able to preserve entanglement for ex-
tremely long time. This appears to be consistent with
the fact that the Hawking temperature β−1H is extremely
low for typical, massive black holes.
Furthermore, the coherent information, in contrast to
simple entropy S(B), is purely quantum, because it is de-
fined by utilizing the negativity of the conditional entropy
S(B¯|B+). In particular, this negativity is known to be
a representative of the nature of the quantum world, the
essence of which is captured by Schro¨dinger’s proverbial
words on quantum states, ‘the best possible knowledge of a
whole does not necessarily include the best possible knowl-
edge of all its parts’ [22, 23]. This also supports that idea
5the black hole is a purely quantum object. Our definition
for the area stems from focusing on such negativity of the
conditional entropy through the following observation:
the conditional entropy for the (entangled) Hawking pair
H+H− is negative, as S(H+|H−) = −S(H−).
Indeed, our expression (20) or (22) is compatible with
Eq. (14), in contrast to Eq. (19). In fact, in the case of the
Hawking radiation, for a small energy change ωdnH+ of
the radiation H+ to the outside B¯, the negative-energy
particles H− have a change of dS(H−). This leads to
only the entropy change of the negative-energy particles
B− inside the black hole B. Since this means dS(B+) =
0 and dS(B−) = dS(H−) (in contrast to Eq. (18)), from
Eq. (17), we conclude using Eq. (22) that
dAB
4
= dS(B+)− dS(B−)
= −dS(B−) = −βHωdnH+ . (23)
This is equivalent to Eq. (14), in contrast to Eq. (19).
We now mention several important properties of our
expression relating black hole area to coherent informa-
tion. We first note that our expression (20) for the area
of a black hole is invariant under any unitary operation
of the form UˆB¯ ⊗ VˆB+ ⊗ WˆB− . This means that the area
of the black hole is unaltered unless interactions occur
among positive-energy particles B+ and negative-energy
particles B− inside the black hole B and its outside B¯.
More generally, any process with dS(B+) = dS(B−),
such as creation and annihilation of pairs of positive-
energy and negative-energy particles inside the black hole
B, does not change its area, according to Eq. (22). An-
other property is the reduction of our expression (22)
to the Bekenstein equation (3) for any black-hole dy-
namics unaccompanied by any change of the negative-
energy particles, leading to the generalized second law
(4). This is because such dynamics satisfy dS(B−) = 0,
and Bekenstein’s consideration is based on the assump-
tion of the existence of only positive-energy particles in-
side black holes (that is, entropy S(B) in Eq. (3) is equiv-
alent to S(B+) in our expression (22)).
The only dynamics which cannot be explained by this
reduction are black-hole mergers, because we have mod-
elled black holes as being composed of not only the usual
positive-energy particles, but also negative-energy ones.
For this case, we regard the merger between two black
holes B1 and B2 as occuring via some isometric dynam-
ics UˆB+
1
B
+
2
→B+G⊗ VˆB−
1
B
−
2
→B− , to form a new black hole
B. The initial black holes are again assumed to be de-
coupled, i.e., I(B+1 : B
+
2 ) = 0 and I(B
−
1 : B
−
2 ) = 0, and
G represents a system emitted into the universe (outside
B) as back reaction. Then, from Eq. (21), we have
I(B¯〉B+) =S(B+)− S(B−)
=S(B+G)− S(B−)− S(G|B+)
=S(B+1 B
+
2 )− S(B−1 B−2 )− S(G|B+)
=I(B¯1〉B+1 ) + I(B¯2〉B+2 )− S(G|B+), (24)
where X¯ is the complement of system X , that is, all the
related systems except for system X . This is analogous
to Eq. (6). That is, if the system G is in a pure state
or in an entangled state so as to have S(G|B+) ≤ 0, the
area AB defined by Eq. (20) should also increase through
the black-hole merger.
Our expression (22) provides a new insight on the
black-hole information loss paradox (see, e.g., Ref. [24]).
Suppose that the whole universe starts from a pure state
(with zero entropy), a black hole B is then made through
a gravitational collapse of a massive star, and the black
hole finally disappears completely (possibly leaving a
remnant with dimensions of the Planck length scale) due
to Hawking radiation. The final state of the black hole
should then have AB ≈ 0. If we follow the Bekenstein
equation (3), we have S(B) ≈ 0. However, the out-
side B¯ of the black hole B should have S(B¯) ≫ 0, be-
cause of the positive-energy particles H+ of the Hawk-
ing pair H+H− emitted into the outside B¯. Hence, we
have S(BB¯) = S(B¯) + S(B|B¯) ≈ S(B¯) ≫ 0 (because
S(B|B¯) ≈ 0 for S(B) ≈ 0). But this contradicts the
unitary evolution of the whole universe which keeps the
universe in a pure state, requiring S(BB¯) = 0. In con-
trast, our expression (22) does not argue that S(B) ≈ 0:
it merely argues that S(B+) ≈ S(B−) for AB ≈ 0, with
keeping S(B+B−B¯) = S(BB¯) = 0 from the definition.
Therefore, our expression is free from the black-hole in-
formation loss paradox and consistent with quantum me-
chanics.
An operational meaning of the alternative equation
In quantum information theory, the coherent informa-
tion I(B¯〉B+) has a clear operational meaning in the
quantum state merging protocol [7, 25]. In particular,
for I(B¯〉B+) ≥ 0, the coherent information I(B¯〉B+)
represents the entanglement ‘distillable’ between B¯ and
B+ by merging the state of B¯ into B+. More pre-
cisely, if B¯B+B− is initially in a pure state |Ψ〉B¯B+B− =⊗n
i=1 |ψ〉b¯ib+i b−i of n(≫ 1) copies of elementary systems
b¯1b¯2 · · · b¯n(= B¯) and b±1 b±2 · · · b±n (= B±), this merging
protocol is performed by applying a unitary operation TˆB¯
on B¯ chosen at random according to the uniform mea-
sure (Haar measure), followed by projections {Pˆ (k)
B¯→B¯1
}k
onto a subspace B¯1 of B¯ with dimension ≃ eI(B¯〉B+).
Then, for almost all the outcomes k, this protocol pro-
vides a state close to Vˆ
(k)
B
+
1
B
+
2
→B+
|Φ+〉B¯1B+1 |Ψ〉B+2 B− with
6probability pk, where |Ψ〉B+
2
B− = 1ˆB¯B+→B+
2
|Ψ〉B¯B+B− ,
Vˆ
(k)
B
+
1
B
+
2
→B+
is a unitary operator and |Φ+〉B¯1B+1 is a max-
imally entangled state. This means that there is an isom-
etry UˆB¯→B¯1B¯2 :=
∑
k Pˆ
(k)
B¯→B¯1
|k〉B¯2 TˆB¯ and phases φk such
that
UˆB¯→B¯1B¯2 |Ψ〉B¯B+B−
≃
∑
k
eiφk
√
pk|k〉B¯2 Vˆ (k)B+
1
B
+
2
→B+
|Φ+〉B¯1B+1 |Ψ〉B+2 B−
= WˆB¯2B+1 B
+
2
→B¯2B+
|ϕ〉B¯2 |Φ+〉B¯1B+1 |Ψ〉B+2 B− , (25)
where {|k〉B¯2} is a set of orthonormal states, |ϕ〉B¯2 =∑
k e
iφk
√
pk|k〉B¯2 , and WˆB¯2B+1 B+2 →B¯2B+ is a con-
trolled unitary operator defined by WˆB¯2B+1 B
+
2
→B¯2B+
:=∑
k |k〉〈k|B¯2 ⊗ Vˆ (k)B+
1
B
+
2
→B+
.
In our context, this state merging protocol suggests
the following: in principle, an observer outside the black
hole B can convert the initial state |Ψ〉B¯B+B− into a stan-
dard state which is of almost the same area but entan-
gled only with ‘usual’ positive-energy particles inside the
black hole. In fact, as shown by Eq. (25), if the observer
performs the isometry UˆB¯→B¯1B¯2 on the initial state|Ψ〉B¯B+B− and then throws the system B¯2 into the black
hole as its new member B+0 , the total system is approx-
imately in the standard state |ϕ〉B+
0
|Φ+〉B¯1B+1 |Ψ〉B+2 B−
up to the freedom of local unitaries (corresponding to
WˆB¯2B+1 B
+
2
→B¯2B+
in Eq. (25)) on positive-energy particles
B+0 B
+
1 B
+
2 inside the black hole. Hence, the area of the
black hole B+0 B
+
1 B
+
2 B
− is I(B¯1〉B+0 B+1 B+2 ) ≃ I(B¯〉B+).
That is, although this merging process includes throwing
of a system into the black hole, its area does not change.
Thus, the area of the black hole represents the maximal
entanglement in the state |Φ+〉B¯1B+1 that is distillable
between usual positive-energy particles inside the black
hole and its outside via a process that does not change
the area.
The merging process also suggests the following: if
the Hawking radiation goes on until AB ≈ 0 (that is,
I(B¯〉B+) ≈ 0), the merging process essentially puts the
black hole in a state ≃ |ϕ〉B+
0
|Ψ〉B+
2
B− with no entan-
glement with our universe, up to the freedom of local
unitaries. Here the no entanglement (i.e., no correlation)
with our universe means that the merging enables us to
erase traces of the black hole B from our universe, almost
completely, with keeping AB ≈ 0.
Outlook
Finally, we conjecture a possible information theo-
retic reason on why black holes satisfy an area law like
Eq. (20), which argues that the entanglement of a re-
gion with its outside is upper bounded by its area, rather
than its volume. Since any motion of any physical sys-
tem in the spacetime happens along a quantum channel,
the gravitational collapse of a star to form a black hole
B should be associated with the transmission of physical
systems through quantum channels {Ne}e in a quantum
network spread over the spacetime. Then, if we quantify
the entanglement stored in a black hole B with the co-
herent information as in Eq. (20), this quantity is upper
bounded as
I(B¯〉B+) ≤ Esq(B¯ : B+) ≤
∑
e∈∂B
l¯eEsq(Ne), (26)
irrespective of any detail of its dynamics [26]. Here
Esq(B¯ : B
+) represents the squashed entanglement [27],
Esq(Ne) is the squashed entanglement [28] of the chan-
nel Ne, l¯e represents how many times (on average) the
channel Ne has been used in the process to form the
entanglement [29], and the summation is taken over all
e ∈ ∂B which specify channels Ne connecting the inside
and the outside of the black hole B being formed, across
its horizon. If the gravitational collapse satisfies l¯e ≤ c
for a constant c, this inequality reduces to
I(B¯〉B+) ≤ c
∑
e∈∂B
Esq(Ne) = cEsq
(⊗
e∈∂B
Ne
)
(27)
by the additivity of the squashed entanglement. Since
Esq
(⊗
e∈∂B Ne
)
is related with the capacity of the chan-
nel
⊗
e∈∂B Ne connecting the inside and the outside of
the event horizon in the spacetime, it could be upper
bounded by the geometric area of the black hole B.
Therefore, the area law may be explained by regard-
ing gravitational collapse as a quantum network protocol
[26, 29–32].
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